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Abstract. In this paper, we investigate the Smarandache curves according to Sabban frame of fixed pole curve which drawn by the 
unit Darboux vector of the Bertrand partner curve. Some results have been obtained. These results were expressed as the depends 
Bertrand curve. 
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INTRODUCTION AND PRELIMINARIES 


A regular curve in Minkowski space-time, whose position vector is composed by Frenet frame vectors on another reg- 
ular curve, is called a Smarandache curve [1]. K. Task6prii, M. Tosun studied special Smarandache curves according 
to Sabban frame on S [2]. Senyurt and Caliskan investigated special Smarandache curves in terms of Sabban frame 
for fixed pole curve and spherical indicatrix and they gave some characterization of Smarandache curves [4, 6]. Let 
a: 1 — E> bea unit speed curve denote by {7, N, B} the moving Frenet frame. For an arbitrary curve a € E°, with 
first and second curvature, « and Tt respectively, the Frenet formulae is given by [7, 8] 


T’=KN, N’=-x«T+7TB, B' =-tN (1) 


the vector W is called Darboux vector defined by 


W=TtT +kB. 
If we consider the normalization of the Darboux C = wi we have, sing = ial and cos y = iW 
and [5] 
C =singT + cos vB (2) 


where Z(W, B) = y. 


Theorem 1 Leta: 1 > E> anda* : 1 > E? be the C?-class differentiable unit speed two curves and the amounts 
of {T(s), N(s), BCs), Ks), T(s)} and {T*(s), N*(s), B*(s), K*(s), T° (s)} are entirely Frenet- serret aparataus of the curves 
a and the Bertrand partner a*, respectively, then 


T*’ = coséT —-sin@B, N* =N, B =sin6T +cos 6B, (3) 
_ AK- sin? 6 ; sin? 6 


~ Adan? Br "= 


* 


where Z(T,T*) = @, [8]. 
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Theorem 2 Let (a, a*) be a Bertrand curves pair in ‘3. We have between unit Darboux vectors [3], 


C*=-C. (5) 


Theorem 3 Let y be a unit speed spherical curve. We denote s as the arc-length parameter of y . Let us denote 
t(s) = y’(s), and we call t(s) a unit tangent vector of y. We now set a vector d(s) = y(s) A t(s) along y. This frame is 
called the Sabban frame of y on S* (Sphere of unit radius). Then we have the following spherical Frenet formulae of 
y [2, 6] 


Y = t t =-ytked, d’ =—Kgt (6) 
where k, is called the geodesic curvature of y on S? and 


=. (7) 


SMARANDACHE CURVES ACCORDING TO SABBAN FRAME OF FIXED POLE 
CURVE BELONGING TO THE BERTRAND CURVES PAIR 


In this section, we investigate Smarandache curves according to the Sabban frame of fixed pole (C*). Let a,.(s) = C* 
be a unit speed regular spherical curves on S*. We denote sc: as the arc-lenght parameter of fixed pole (C*) 


a,.(s) = C*(s). (8) 


Differentiating (8), we have 
Tc: = cos y*T* — sin g* B* 


and 
C*ATc = N*. 


From the equation 
C* = sing*T*+cos¢*B*, To =cosy*T* -sing’B*, C*’ATco =N* (9) 
is called the Sabban frame of fixed pole curve (C*). From the (6) 


w* 
Kg = (Tc, C* A Tc) => Kg = y I 


EA 


Then from the (4) we have the following spherical Frenet formulae of (C*): 


|W"'ll 


x 


|W"ll 


7 


C*’ = Tc ‘ Tc ne 


CATo, (CAT) =- 


Tc. (10) 
i.) C*Tc¢«-Smarandache Curves 


Let S* be a unit sphere in E* and suppose that the unit speed regular Bertrand partner curve a,.(s) = C*(s) lying fully 
on S$”. In this case, C*Tc- - Smarandache curve can be defined by 


1 
fi(s) = —(C" + Tc). (11) 
v2 
Substituting the equation (9) into equation (11), we reach 
1 
Bi(s) = —(( sin y* + cos y")T* + (cos y* — sin y")B’). (12) 


v2 


Differentiating (11), we can write the tangent vector of 6;-Smarandache curve according to Bertrand partner curve 
*” — sin y* w* ” + sin y* 
ie (y ¢) T+ |W" || Nt (y ¢) BR. 


i= 
20"? + ||W*||2 2"? ie ||W* || /2p*/? + ||W*||2 


(13) 
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Differentiating (13), we get 


ee gr V2 sin y* + 2.08 $") 7.4 “4 xp" v2 Nts go V2 cos y* ~x28ing") p. (14) 
Bo 2 
(iwi? +g) (Wel? +g") (wee +) 
where 
Willy |W"ll,, dual |W*|| |W*|| IW", Wil 
mM = -2- rr —y +( ae kar oi kee 2-3 oe as a) ar (15) 
||W* ne IW*ll,3  _1lW* i ; 
xs = °A—)+(—) +(— FY. 
Y Y g 


Considering the equations (12) and (13), it easily seen that 


W*|l(cos y* + sin y* Ee W'||\(cos y* + sin y* 
(CATo)g, = |W*||(cos p O') pe _ g nes I I(cos p G") pe 


/2\|W*||2 +4y*/? /2\\we|l2 + 4y*? /2\\w* [2 + 4y*? 


Substituting the (3) and (4) into equation (12), (13), (14) and (16), Sabban aparataus of the 8,-Smarandache curve 
according to Bertrand curve 


(16) 


1 (sj a W , : 
Bi(s) = —=((-sin g—cos y)T +(—cos g+sin ¢)B), je ad COS P) |W agg. Pee + sg) 
v2 V2y? +I1WIF 2p? +IIWIE 29? + IIWIP 
(CATO, = I|Wil(cos yp — sing), _ g y — |Wilcos ¢ + sing) 
V2IIWIP + 4y2 V2IIWIP2 + 4? V2IIWIP + 4? 
p= PENA sing- Frcs), Kw v2 9, ot V2A=¥i cosy +X sing) 
a ee a re ae 
(IIWIP + 2p)” (IIWI2 + 2)? (|WII2 + 20”) 
where 
= IWllo WI WWI IWih> Wika IW, II 
ea or —) ur ag —), Xp =-2- 3(—Y - (J - (JY (-) 
y Y Y Y 
es wih Wha Wh 
Ys = 2(—)+(—) +A—Y. (17) 
Y Y Y 


Geodesic curvatures of the £;(sg,)-Smarandache curve according to Bertrand partner and Bertrand curves, recpec- 
tively, 


1 (lial _ |W" 
(2+ (ety) e 


ti.) T¢«(C* A Tc-)-Smarandache Curves 


1 Wil |W 
—X —X2 + 2x 
ana gg ) 


x2 + 2x3), KG! = 
Tc(C* A Tc-)-Smarandache curve can be defined by 
1 ‘ 
Bo(s) = rae +C°ATo). (18) 


Solving the above equation by substitution of Tc. and C* A Tc: from (9), (3) and (4), we reach 82-Smarandache curve 
according to Bertrand partner and Bertrand curves, respectively, 


Bo(s) = S5loos y"T* + N* —sing"B"), Ba(s) = 5 —cosyT +N + sin pB). (19) 
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Geodesic curvature of the 62(.sg, )-Smarandache curve according to Bertrand curve 


1 Wil- - - 
cS ; 3! eer) 
WII 2) 2 Y 
(1 + 2(t)’) 
where 
= Wil, IW IWIl IW, = I|WII I|WII IW, = |WII |W IWIl,, 
81 = (——)+(—)? +2 (>), 82 = -1-3(—Y?-2(— "(SY 3 = (FY - 2 H(Y’. 
yg yp y yg yg Y Y yg yg yg 

iii.) C*T¢«(C* A Tc+)-Smarandache Curves 
C*Tc-(C* A Tc«)-Smarandache curve can be defined by 

1 

B3(s) = —=(C* + Tce + C* A Te). (20) 
v3 


Solving the above equation by substitution of C*, Tc» and C* A Tc¢- from (9), (3) and (4), we reach 83-Smarandache 
curve according to Bertrand partner and Bertrand curves, respectively, 


B3(s) = Sql y* +cosy’)T* + N* + (cos y* — sing*)B*), B3(s) = Rc siny — cos y)T + N + (sing — cos y)B). 


Geodesic curvature of the 63(sg, )-Smarandache curve according to Bertrand curve, 


Eo = LAWL = 91 = EPUIWIL + & Po + GAY — IWIN: 
g 5 
4 V2(y? — y'IIWIl + IIWII)’ 


where 
_ Ww WI Ww WwW WI\l.,_. |W 
mi = -2+4(! Naat! ae ye 4 9! ae! ha al ~1), 
yg y yg Yy y yg 
_ WI WI WwW WwW WI\l., WI 
ee -2+2(! dere Ihe 4. ! lat! Ais Wie. A 
yg yg yp y yg y 
WI WI Wi WI Wil, WwW 
z. = a! Dy aiaes My? ay! hs _ 9°! ee NYG: I ay 
yg yg y yg yp yp 
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